RATIONAL EQUIVALENCE OF A FORM TO A
SUM OF »TH POWERS*

BY
RUFUS OLDENBURGER

1. Introduction. In my earlier papers on p-way matrices and associated
forms, I introduced new rank concepts of higher dimensional matrices with
the aim of obtaining a fairly general theory of equivalence of ordinary forms
and multilinear forms of arbitrary degree p, where this theory contains as a
special case the well known theory of equivalence of quadratic and bilinear
forms under non-singular linear transformations in a given field. In a paper
in these Transactions in 1936 I gave such a development for multilinear
forms. The present paper is devoted to a theory of equivalence of ordinary
forms. Specifically, the problem of determining necessary and sufficient con-
ditions for the equivalence of ordinary forms and multilinear forms of arbi- -
trary degree to forms with “diagonal matrices” is solved in these two papers
for the class of non-singular transformations in a field ¢, where ¢ is subject
to slight restrictions in the case of ordinary forms.

Throughout the present paper we shall use the expression “a sum of pth
powers” to denote a sum of the form

PP MPPRNED Wiy

where Ny, - - -, N\, are constant elements of a given field; the coefficients
A, - - -, A need not be unity.

Let F=aij...mx%; - - - » be a form of degree greater than or equal to 2
with coefficients in a field ¢, where the matrix 4 = (ai;...n) of F is symmetric;
that iS, a...12=01..921= * - =0dg21...1; A1...122=01...1212= * * * =0a221...1, for
example. Let G denote a grouping of the indices of F into two classes Py, P,
of partitions (multipartite indices), where P, contains an even number,
greater than or equal to 2, of partitions. Since the partitions in P; and P,
play different roles in the general theory of forms, the partitions in P; are
said to be signant while those of P, are non-signant. To every G there corre-
sponds uniquely a non-negative integer D¢ defined elsewhere in terms of gen-
eralized determinants associated with F. The integer D¢ is not changed if ¢
is replaced by a field ¢ which contains ¢. To every grouping g of the indices

* Presented to the Society, April 10, 1936 and April 9, 1937; presented to the International
Mathematical Congress, July 18, 1936; received by the editors August 19, 1937.
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of F into at least two partitions there corresponds a unique non-negative in-
teger F, defined in terms of factorization properties of the matrix 4 associ-
ated with F. The integer F, depends on the field ¢ in which the coefficients of
F are embedded. The ranks of types Dg and F, are called determinant ranks
and factorization ranks, respectively. Under non-singular linear transforma-
tions x; =biuxs , x;=bjsg%d , - * + , Zm=bmyx, on F these ranks are invariant.*

To give the theory of this paper completeness, if F is a linear form a.x;#0,
we define for F one rank D¢ and one rank F, each equal to 1.

Let m,, (p;7,s, - - -, t), be the number of distinct permutations of p in-

tegers chosen from 1, - - - | », where 7 are alike, s are alike, - - -, ¢ are alike,
and r+s+ - - - +¢=p; and where there are at least two numbers in the set
r,s, - -+, t Evidently,
P!
A T

Let k., be the class of all integers m,, (p;7,s, - - -, ), for given n, p. In the
case where p=2 a field ¢ will be said to be (n, p)-proper if its characteristic
is different from all prime factors of the numbers in the class k.,. Every field
is said to be (#, 1)-proper.

The symmetric matrix 4 = (a;;...w) of the n-ary form F =a,;....x%; - - - %m
of degree p with coefficients in a field ¢ is unique if and only if the field ¢ is
(n, p)-proper.

An (n, p)-proper field is evidently (m, p)-proper, where m <n.

If F is quadratic, there is only one determinant rank and one factorization
rank, and they are equal. The latter rank is trivial in this case. If F is of higher
degree, the ranks of F are not always equal. A class of equality and inequality
relations which exist between the ranks of F have been obtained elsewhere,}
but this class is not complete.

I have proved, for example, that all determinant ranks of binary forms of
any degree are equal when these ranks have exactly two partitions signant.}

If a certain determinant rank and a certain factorization rank are equal,
all of the remaining ranks of F are equal. The leading contribution of the pres-
ent paper is Theorem 2 which states that the ranks of an n-ary form F of degree p

* R. Oldenburger, Composition and rank of n-way matrices and multilinear forms, Annals of Math-
ematics, vol. 35 (1934), pp. 625-636, 645-646. We shall call this paper I.

R. Oldenburger, Non-singular multilinear forms and certain p-way matrix factorizations, these
Transactions, vol. 39 (1936), pp. 422456, especially p. 432. We shall call this paper II.

t See paper I and its supplement, pp. 622-657.

1 R. Oldenburger, Relations between ranks of a general matrixz, Annals of Mathematics, vol. 39
(1938), pp. 172-178.
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with respect to an (n, p)-proper field ¢, are equal if and only if F is equivalent
under non-singular linear transformations in ¢ to a form

b4 r
C=ax1+ - + ac®s .

By the equality of ranks of a quadratic form this theorem includes the well
known result* that any quadratic form is equivalent in a field of character-
istic not 2 to a form C with p =2. Here and in what follows “equivalent” will
be used for “equivalent under non-singular linear transformations.”

That a multilinear form M =a;;....%:y; - - - 2» has equal ranks for a field ¢
if and only if M is equivalent in ¢ to a form x1y; - - - 21+ « - - +%uYn - * * 2,
was noted in an earlier paper.t

With every form F given by

Qij. . .m®i%j* * * Xm, Lyjyrr,m=1,--- mn,

where the matrix (¢;;...») is symmetric, we can associate a multilinear form
M given by

Qijeo.mXiYi " Zm,

and uniquely determined by F. If F is equivalent under non-singular linear
transformations in an (z, p)-proper field ¢ to a sum C of # pth powers, we
shall say that F is non-singular with respect to ¢. Theorem II of the present
paper implies that F is non-singular with respect to an (n, p)-proper field ¢ if
and only if its associated multilinear form M is non-singular with respect to ¢
(that is, M is non-singular in the sense of paper II). We have thus succeeded
in generalizing the definitions of non-singularity of quadratic and bilinear
forms to general forms in such a way that the above property, obviously valid
for quadratic and bilinear forms, also holds for general forms F and M. The
importance of my earlier Transactions paper is now more clearly brought out.
The conditions obtained there for determining whether or not a given multi-
linear form is non-singular may be applied here to the form M to determine
whether or not F is non-singular.

Since it is not always a simple matter to determine the factorization ranks
of a given form F, other conditions are obtained for the equivalence of F to
a sum of pth powers. It is proved that if p is odd and greater than or equal to 3
an n-ary form F is equivalent in an (#, p)-proper field ¢ to a sum-of pth
powers if and only if the generalized determinant |x.ai;...n|, with7, - - -, m
signant, is the product of linearly independent linear factors in ¢, and under

* C. C. MacDuffee, The Theory of Matrices, Ergebnisse der Mathematik, vol. 2, part 5, 1933.
t R. Oldenburger, I1, p. 432.
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reduction in ¢ to kx{ - - - x, the form F reduces covariantly to C. If p is
even and greater than or equal to 4, the same statement applies except that
| #:aij...m| is replaced by |%ix;aik...m|, With k, - - - | m signant, and this de-
terminant is a product of squares of linearly independent linear factors.
Ho&evar* sketched part of a proof of the property that a form factors into
linear factors in the complex field if and only if it divides every third order
minor of its Hessian, and he gave a method of finding these factors which
involves, besides simply performed algebraic manipulations, only the solution
of an algebraic equation E with an inequality side condition. Although the
fact is not mentioned by Hod&evar, this proof is valid only if the form has no
repeated factors involving variables. Hence, assuming that the roots of E
have been found subject to the side condition, we can determine directly the
equivalence of a form to a sum of pth powers in the complex field in a finite
number of steps. In this sense the problem of determining whether or not a given
form F is equivalent to a sum of pth powers is completely solved for the complex
field. If F is at most quaternary and of odd degree, the equation E is of the
fourth degree or less and can be solved by well known methods. The same
statement applies if F is n-ary, where » <2, and of even degree. Whether or
not F is equivalent to a sum of pth powers can be determined directly, in these
cases, in a finite number of steps.

There is a direct method, involving an induction process, of determin-
ing whether or not the ranks of a form F are equal. It is based upon the
theorem that an #n-ary form F of degree p, (§=2), is equivalent to C in
an (n, p)-proper field ¢ if and only if one determinant rank of F is » and
the forms Fi=aij...u%; - * * Xm, - * +, Fa=0nj...m%j - - - Xm are simultane-
ously equivalent in ¢ to sums of (p—1)th powers. It is to be observed
that F=xF1+ - - - +x,F,. The problem of simultaneous equivalence of
F,, - - -, F, to sums of (p—1)th powers, where these forms are quadratic,
is quite different from the problem for which these are cubic or of higher
degree. This is due in part to the essential difference between transformations
x;=b;.x/ which bring

C=Nar+ -+ N, M, A# O
into a similar form
C'=Nuxf?r + -+ Nxl?, N, -, M =0,

for p=2, and the transformations which bring C into C’ for p = 3. In fact, for

* Holevar, Sur les formes décomposables en facteurs linéaires, Comptes Rendus de ’Académie
des Sciences, vol. 138 (1904), pp. 745-747.
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#23 and an (n, p)-proper field ¢ the matrix B=(b;,) of the non-singular

linear transformation x;=b..xd , (¢, a=1,2, - - -, n, n=7r), bringing C into C’
is of the type
(1) 5= ,

-B2l 322

where By, is of order 7, and has but one non-vanishing element in each row and
column. The transformations which bring a quadratic form C into a similar
form C’ are thus more complicated than the transformations which bring a
form C of the third degree or higher into a like form C’. There is an analogue
of this for multilinear forms.*

It is to be noted that the shape of B in (1) depends on  and not on 5.
The solution of the general problem of equivalence in ¢ of Fy, - - -, F, to
sums of (p—1)th powers, (p=4), depends primarily on the following state-
ments:

1. A transformation with matrix B of (1) brings any sum of gth powers in
%1, - - -, x, in an (n, g)-proper field into a sum of gth powers with the same
number of non-vanishing coefficients.

2. For properly restricted fields the class of non-singular linear transfor-
mations bringing a form C with p =3 into a like form C’ is identical with the
class of transformations which brings a set of forms L, M, - - -, Q into a like
set, where L, M, - - -, Q are sums of ¢qth powers, (¢=3),in x;, - - -, - and
have the property that there exists for each variable x, in the set #y, - - -, x,
at least one form in the set having a non-vanishing coefficient for x,2.

3. If an n-ary form F =a,;....x%; - - - %n is equivalent in an (%, p)-proper
field ¢ to a sum of pth powers under transformation with matrix B of (1), the
terms in F involving only %,41, - - - , 2, are equivalent in ¢, under non-singu-
lar linear transformations on 41, - - -, %, to a sum of pth powers.

By these and other properties, the problem of equivalence of a form F to
a sum of pth powers is solved by treating consecutively the equivalence of
sets of subforms associated with F, where the forms in these sets are of lower
degree than F. For the sake of brevity some of the more involved parts of the
theory will be omitted.

In the study of non-singular multilinear forms carried through in an
earlier paper, difficulties aroset in the process of determining the non-singu-
larity of a given form. The analogue for multilinear forms of the above induc-
tion process avoids these difficulties entirely, so that it is a relatively simple

* R. Oldenburger, 11, pp. 425-427, 442-443.
t R. Oldenburger, II, p. 431.
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matter to determine whether or not a given form is non-singular. Since the
analogue involves few new features, its presentation will be omitted.

The induction process when applied to binary forms leads to condi-
tions, like those mentioned above, involving the generalized determinants
|%:ij...m|, and | 2&jasjx...m|, except that the conditions are much stronger
in that the determinants are replaced by ordinary second order 2-way de-
terminants, and no distinction is made between even and odd values of .
Since the binary case involves at most the determination of whether or not
()2 is in ¢, given that e is in ¢, we may consider the problem of equivalence
of & binary form of any degree to be completely solved for a (2, p)-proper
field in the sense that this equivalence can be recognized by simple direct
steps. This development can be used to give necessary and sufficient condi-
tions for the equivalence of an algebraic equation P(x) =0 to the equation

yﬂ—A:O

under linear fractional transformations in a (2, p)-proper field ¢. This prob-
lem was considered for a finite field GF(p) by Brahana.*

Bronowskif considered the problem of the equivalence under transforma-
tions, not necessarily non-singular, of a form of the pth degree to a form of the

type

Z y.-p+ Z AT

Bronowski translated the problem into one in geometry which has not been
solved.

Sylvester provedi that a fairly broad class of binary forms of degree p
can be written in the complex field as sums of pth powers of linear forms.
These linear forms are, however, in general not linearly independent.

It will be proved elsewhere that every form F with symmetric matrix can be
written in a field with p or more elements as a sum

ali+ - +alL’,

where 7 is finite, L;, - - -, L, are linear forms, and a,, - - - , @, are in the given
field. For a field with less than p elements this representation is not in general
possible. The forms which can be represented as above, where L, - - -, L,

* Brahana, Note on irreducible quartic congruences, these Transactions, vol. 38 (1935), pp. 395~
400.

1 Bronowski, The sum of powers of a canonical expression, Proceedings of the Cambridge Philo-
sophical Society, vol. 29 (1933), pp. 69-82.

1 J. J. Sylvester, Philosophical Magazine, 1851, p. 94.
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are linearly indcpendent, are the forms with which the present paper.is con-
cerned. In this casc 7 takes on its minimum value for the class of forms of de-
gree p in r variables, where the forms in this class cannot be written by means
of non-singular linear transformations in terms of less than » variables, and
these forms have symmetric matrices.

It is a significant thing that the representability of a form of odd degree in a
field ¢ by a sum of powers

aL? + bM? + - - - + dN»

of linearly independent linear forms L, M, - - - | N depends directly on the fac-
torability of a second form in ¢ into a product kRS - - - T, of linearly independ-
ent linear factors R, S, - - -, T.

The generalized matrix method of appn;ach used here is a new one in the
theory of forms of degree higher than quadratic.

Throughout the present paper when we equate two forms of degree p we will
assume that the field of coefficients has p+1 or more elements, so that equality
of forms implies equality of the corresponding coefficients.

2. Ranks of general matrices and forms. Hitchcock* studied certain
ranks of a p-way matrix. In another paper I provedf that generalized de-
terminant minors of the product

( Z (lij---rmbma.--ﬂ>

of two matrices A4 =(ai;...n) and B = (bma...5) are not always sums of prod-
ucts of determinant minors of 4 and B, but rather sums of products of de-
terminant minors of matrices called “derivates” associated with 4 and B.
In terms of determinant minors of 4 and derivates of 4, I defined determi-
nant ranks of 4 for any grouping of the indices into partitions and allowable
signancy] of these partitions, and proved the invariance§ of these ranks un-
der non-singular linear transformations on the form a;;....2:y; - - - 2, asso-
ciated with 4. The definitions of a few determinant ranks essential to the
argument will be given explicitly.

The matrix 4 = (ai;...m), (4,7, - - - ,m=1, - - - n),issaid to be of order .
We shall assume in what follows that 4 is symmetric. The ranks of a form
F=a;;...nxx; - - - x, are the ranks of its associated matrix 4.

* F. L. Hitchcock, Multiple invariants and generalized rank of a p-way matrix or tensor, Journal
of Mathematics and Physics, vol. 7 (1927), pp. 40-79.

T R. Oldenburger, I, p. 632.

1 For a discussion of signancy of generalized determinants see L. H. Rice, Tniroduction to higher
determinants, Journal of Mathematics and Physics, vol. 9 (1930), p. 48.

§ R. Oldenburger, I, pp. 633-635, 645-646.



226 RUFUS OLDENBURGER [September

The simplest determinant rank of the matrix 4 is the ordinary rank of the
2-way matrix (a;,) obtained from A4 by letting ¢ be the index of the rows of
(ai.), and 7 the index of the columns of (a.,), where 7 is the partition of indices
j - - -lm ranging over the values 1---11, 1.-.-12,---, 1 -1,
1.---21,1.-.22,---,1--:2n,---,n - nn, where n is the order of
A. This rank will be called the principal determinant rank of A. It was used
by Mayer in a paper in these Transactions.*

Let the indices of 4 =(a;;....) be grouped into partitions p, o, - - -, 7.
The minimum value of ¢ for which 4 can be written in the form

(@ij.oom) = < Zlb..,ca, cee da,),
where bay, - - - , dor are in a given field ¢, is called the (oo - - - 7)-factorization
rank of A with respect to ¢. The number e is always finite. The (37 - - - m)-
factorization rank of A with respect to ¢ is called the principal factorization
rankt of A with respect to ¢. That this rank depends on ¢ is evident from the
following example.

The form x®—3xy? has a matrix 4 =(a.;x) for which aiu=1, 122 =ae
=y = —1 and all other elements vanish. The matrix 4 can be written as

2
( E bus‘baibak> )

a=1
where
1 I
2 1/3 2 1/3
(bai) = ( )1 (_) I ] I= (_ 1)1/2'

(2)13 ()13

Since the principal determinant rank of A4 is 2, the principal factorization
rank is at least 2. Therefore, the principal factorization rank of 4 with re-
spect to the complex field is 2. In the complex field #® —3xy? is equivalent to
#3493 by the results of the present paper (Theorem I). In the field of reals
the principal factorization rank of A4 is at least 3 since otherwise x®—3xy?
would be equivalent in the field of reals to Ax*+uy* by Theorem I of this
paper. It follows from Theorem IITa of the present paper that these forms are
not equivalent for this field.

* W. Mayer, Die Differentialgeometrie der Untermannigfaltigkeiten des R, konstanter K riimmung,
these Transactions, vol. 38 (1935), pp. 274-310.

t R. Oldenburger, On arithmetic invariants of binary cubic and binary trilinear forms, Bulletin of
the American Mathematical Society, vol. 42 (1936), pp. 871-873.
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If the principal factorization and determinant ranks of F=a;;...m%:%; - * - ¥m
are equal for a field for which (as;...s) is unique, by the definitions of these
ranks the form F is equivalent at once, for some #, to a like form for which

(@ij...m) = (i baiCaj - - dam)!

a=1
where (b4:), (¢ai), * - -, (dam) are non-singular matrices of order #. The asso-
ciated multilinear form M =a;;....x:y;- - - 2nisequivalent to M’ =x{y{ --- 2/
+ -+ 4x/y! - - -z, the matrix of which is (84:0a; - - - am), Where
(8ai) =(8aj) = - - - =(8am) is the Kronecker delta of order ». It is a fairly

simple matter to show that all of the ranks of M’ equal %. Since the ranks of
F are ranks of M, this proves the following lemma:

LeMmumA L. If the principal ranks of an n-ary form F of degree p are equal for
an (n, p)-proper field, all ranks of F are equal.

3. Necessary and sufficient conditions for equality of ranks. We shall
prove the following theorem:

THEOREM 1. Let F be a given n-ary form of degree p, and let ¢ be an (n, p)-
proper field. The principal determinant rank of F and the principal factoriza-
tion rank of F in ¢ are equal to n if and only if F is equivalent in ¢ to a sum of n
pth powers.

It is obvious that the theorem is true for linear forms. The result for the
quadratic case is well known.* We shall assume in what follows that p=3.

Let F=ai;...mx%; - - -+ Zm. From the definitions of ranks the principal
ranks of F are equal to # if and only if the matrix of F can be written as

) ( ouibes- - don),

=1

where (@.:),  * -, (dam) are non-singular.
If F is equivalent in ¢ to a sum of pth powers, there exist non-vanishing
constants A\, in ¢ and a non-singular matrix (g.s) with elements in ¢ such that

F = Nafaifai* * * Gam®i®i - * Tme

The matrix 4 = (ai;...m) of F is now of the form (2) where (@.:) = M\ages),
(bai) = (gai)s = * + » (dam) = (gam), a not summed.

Since (gap) is non-singular, (¢.:), - - -, (dam) are non-singular.

* C. C. MacDuffee, The Theory of Matrices.
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Conversely, assume that the matrix 4 of F is in the form (2). Let (4%)
be the inverse of (a.:). Applying the transformation
x; = A¥xg

we obtain a form whose matrix* is of the form

(Bugbei* * * dam),

where (8.p) is a Kronecker delta. It is therefore no restriction on the general-
ity of the method to assume at the start that (a.:) =(d.:). We shall prove
that the form F is then a sum of pth powers.

Write 4 = (8aibaiCarat = * - €at@am), and B =(ba;),C=(car), * * +, D=(dam).
Assume that by, =0. Since B is non-singular, (b, - - -, b1s) #(0, - - - ,0). The
symmetry of A and the invariance of symmetry imply that

bisCik + + * €1d1r = bucik -+ e1drs,

(B) e e

binCrk * + + €1din = bucix - - - eudln,

for all values of k, - - - , t. The right-hand members of (3) vanish. The direct
product H=CX - - - XEof C, - - -, Eis the matrix (¢c;z - - - em:) Whose ele-

ments are the possible products of elementsof C, - - - | E.

Display H as an ordinary 2-way matrix (#,,), where p is the partition
j - -m and o is the partition % - - - £. By a lemma proved elsewhere} the
determinant of (%,,) is a product of powers of determinants of C, - - -, E.
Since these are non-singular, H is non-singular as displayed. Since the prod-
ucts ¢k - - - e1; are the elements of a row of (%,,), and since this matrix is
non-singular, these products cannot all vanish. It follows from (3) that
d;;=0. By the same argument ¢y = - - - =en=0.

The symmetry of 4 implies that
4) b1 - endim = bmi - - ¢ emidm

for every m. Since the left member of (4) vanishes, for every m some quantity
in the set bm1, - * +, dmi vanishes. For m =2 it is no restriction to take this
to be by Since

b2152jq21 s dy = szczl < dy

* The matrix can then be written as (bg; - + * dgm) where § is not summed. Necessary and suffi-
cient conditions for the factorability of a matrix in this form were given in II, p. 452.
t R. Oldenburger, I, p. 625; I, p. 442.
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for every 7, and since by the non-singularity of B (s, - - - , b2,) #(0, - - -, 0),
it follows that

621"'d21=0.
Since one of the quantities ¢z, - - -, da vanishes, it is no restriction to take
this to be cy. Since
(5) bzlczj(Izile s dy = b2i02j921f21 -+ da,

for all 7, 7, and b.ics; cannot be zero for all 7, j (by the non-singularity of
B, C), and since the left-hand member of (5) vanishes,

ga1 -+ d21 = 0.

It is seen by induction that ¢ = - - - =dy=0. By the same argument we
prove that

b= =dm =0

for every m. Since B, - - -, D are non-singular, the elements by, - - -, dn
cannot be zero. It follows that no diagonal elements of B, - - - , D vanish.
We shall now prove that the non-diagonal elements of B, - - - , D vanish.
If some non-diagonal element of B vanishes, we may take it to be b,.. By
the symmetry of A

(6) 511612911 s dn = blzCuQu ceedn = bzlczlqzl e dzl;
whence ¢;2=0. Hence gi2= - - - =d;2=0. By (6) some element in the set
ba1, - - -, da vanishes. It is no restriction on the generality of the method
to take this to be by. From

521022(122 cdey = 1722621922 <o dae
it follows that ¢ =0. Hence ga= - - - =du=0. We have proved that if
b,,=0for a given r, s, where r s, then by,, Crs, Cor, * - * , Grs, der =0.

If elements other than &, in the first row of B are zero, it is no restriction
to take them to be by, - - -, by, and to assume that by .41, - - -, b1,50. Then

biyyj=caj= - =dij=bp=cp=---=dp=0, j=2,--,r,
and
bij, bj, c1jy €1y - ¢ -, d1y, djn # 0, j=r+1,---,m,
By the symmetry of 4,
bri1Cri1,1 0 ¢ ¢ €rg1drg1, = brjen - - - endiggn = 0,

forj=2,-- ., r. Hence
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depr12= -+ = drp1,r = 0.
It follows at once that dum=0, for a=r+41, .-, n; m=2,-- -, r, and
a=2,---,r;m=r+1, - - -, n Evidently, also bam= - - - =€um =0 for the

same pairs of ranges of « and .
We have proved that

b 0 ---0 brrsr - - bin
0 beg- -~ by O .0
N B=|l0 byo b O ... 0 :
br+1.l 0O ---0 br+l,r+1 M br+l,n
bnl 0 ---0 bn.r+l c e bnn
and C, - - -, D are of the same form. If no element of B vanishes, B is of the
form (7) where »4+1=2, and the minor
b22 s b2r
br2 te brr

does not occur. The representation (7) hence includes all cases.
If some elements of the first row of

br+1,r+1 ctt br+l.n
B* =
bn,r+l ct brm
vanish, let these be b,41,r40, * * * , br41,n, (0 =2). By the above reasoning b4,

vanishes. Since this contradicts an earlier assumption, it follows that no ele-
ments of B* are zero.

By simultaneous interchanges of the rows and columns of B, - - -, D, cor-
responding to permutation of the variables of F, we can bring B into the form
byr--- b O )
b.l"’b“ 0 .o 0 )
B = , s=n—r+4+1,
0 ---0 b,+1,.+1 ctt b¢+l.n
0O ---0 bn,l+l "'bnn
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and C, - - -, D into similar forms where the elements of
bll"'blt dll"‘dla
bcl"'bu dcl"'du

are all non-zero.
Applying the above argument to the set of minors

ba+1,a+1 tet ba+1,n da+1.c+1 ttt dc+1.n
b b

bn,c+l tet bnn dn,a+1 ct dim
we conclude that B, - - - , D can be written in the form

B, 0 ---0 D 0 ---0

0 By---0 0 Dy---0
(8) B = . . LTS . ’ e ’ D = . . . o . . ’

0 0 ---B, 0 0 ---B,
where the elements of the minors By, - -+, By, - - -, Dy, - - -, D, are not
zero, and B;, - - -, D; are minors of the same order for every q.

Assuming that By, - - - , B, are not all of order 1, we may write B, - - - , D

in the form (8), where By, - - - , D; are of order R=2.

The determinant of B is
| Bl =|Bi| -|Ba| - - -+ - | Bul.

We can write

buciogu * -+ du  bucgu- - du--- bircroqu - - + du
1 bnchn”’dn bnmqa"'dn"‘bmcnqn"‘dn

B, = b b, coe bsr
| 3] Cutagu + -+ duga - -+ da .sl '.2 e . ’

br1 bra ces brR

since the denominator is not zero.

By the symmetry of 4
buiciequr + -+ du = barcagar - - - da,
bi2C12qu1 - * + A1 = boaCargar - - © da1,
............... ,
birCiaqu - + - d11 = barcarger - - - dai,

whence the first two rows of the above determinant are identical. Hence
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| B| =0, whence B is singular. This gives a contradiction. Minors of (8) are
of order 1 and

620---0 0 dn0---0 0

0 0---0 b 0 0---0 dnn
Now

14

F = aaibai' tt damxixj' c X = bll te dllxlp'l" tt +brm' ° drmxny

which completes the proof of the theorem.

The above argument is valid if there are only two matrices in the set
B, --,D.

By Lemma I we can state Theorem I in the following form:

THEOREM Ia. Let F and ¢ be given as in Theorem 1. The ranks of a form F
of degree p are equal in ¢ if and only if F is equivalent in ¢ to a sum of pth
powers.

If the characteristic of ¢ is 2 and F is quadratic of rank #, F is always a
sum of 7 <% squares since a;;+a;; =2a;;=0. This generalizes for p-ic forms,
(p=3). We therefore have the theorem:

THEOREM I1. Let ¢ be a field whose characteristic is a factor of all numbers
in the set kap of §1, or an (n, p)-proper field. The ranks (or the principal ranks)
of an n-ary form F=a:;...nx%; - - - %m of degree p with respect to a field ¢ are
equal if and only if F is equivalent in ¢ to a sum of pth powers.

4. A condition for the equivalence of forms of odd degree to sums of pth

powers. Let A = (a;;...n) denote a p-way matrix, wherez, 7, - - - ,m=1, . - - n,
and p is even. Let m,, - - -, m, denote #n distinct values of #; 7y, - - -, 7. dis-
tinct values of j; and so on. Let (ei***/) be the generalized Kronecker delta for
which et*-*in=11if (ji, - - -, 7.) is an even permutation of 1, - - - | n, and
equal to —1if (41, - - -, 7.) is an odd permutation of 1, - - - | #. The determi-
nant of 4 with all indices signant is defined* to be

(9) I A l = Z efl"'fn PR eml”.m"alilu-ml e a”in"‘"‘n?

where the summation is over all distinct permutations of the numbers in the
sets (f1, - =+, Jn)y = -, (ma, - - -, m,). It is of order .

Let an n-ary form F =a;;....%%; - - - 2, be of odd degree p. The i-char-
acteristic determinant of F is defined to be the determinant | %:a:;.. .| with all
indices [f, - - - , m] signant. If F is of degree 3, this is the Hessian of F except
for a constant factor. We shall prove the following theorem:

* R. Oldenburger, I, p. 631.
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THEOREM II1. A% n-ary form F of odd degree p = 3 is equivalent in an (n, p)-
proper field ¢ to a sum of n pth powers, if and only if the i-characteristic determi-
nant D of F factors in ¢ into linearly independent linear factors, and under re-
duction in ¢ of D to canonical form Kxy, - - - | 2. F transforms covariantly to a
sum of pth powers.

The s-characteristic determinant of G =\;x# is the determinant
D = I x,-)\,-8¢,~. cem l ,

where 6 =(8;;...») is the generalized Kronecker delta whose only non-vanish-
ing elements are

01...1= +++ = 8.0 = 1.,
Evidently
(10) D =Kz - %n,
where K=\, - - - N\,.. Under non-singular transformations
(11) %i = pu%]

on G to give a form F, D transforms by a general theorem on products of
determinants* into

D' =| Pl”"‘Kﬁ piixi ,

where P =(p;;). The determinant D is thus a covariant of G. It follows that
the i-characteristic determinant of any form F, equivalent to G, factors in ¢
into linearly independent linear factors. This is therefore a necessary condi-
tion for the equivalence in ¢ of a form to a sum of pth powers.

Assume that the i-characteristic determinant of F factors in ¢ into linearly
independent linear factors L, M, - - - , N. Applying the transformations

xl’ =L’...’xn' =N
to F we obtain a form F’ whose i-characteristic determinant is of the form
Kx{ --- x].

We therefore consider only forms F where D satisfies (10). We shall prove
that such a form is equivalent to a sum of pth powers if and only if it is al-
ready a sum of pth powers. If F is equivalent to a form G, then G is equivalent
to F under a transformation (11) which brings (10) covariantly into

gx{ - - - x, for some ¢. For such a transformation

* R. Oldenburger, I, p. 632.
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| Pl K] (puswf) = quf - - =i

By the unique factorization property, similarly used elsewhere,* the linear

expressions pyix], - - -, pajxi are equal in some order to the products of
%/, - - -, %, by constants in ¢. The transformations on G which bring D into
gx{ - - - x, are of the form

(12) % = a;x], i,7=1,--+, n;j not summed,

where there is one j for every 7, and conversely. Since (12) transforms G into
a sum of pth powers, F is a sum of pth powers.
In the binary cubic case we have simply the following theorem:

TrEOREM IITa. A binary cubic form F =a;;x:xi% s equivalent in a field ¢
with characteristic not 3 to a sum of two cubes if and only if the i-characteristic
determinant of F factors in ¢ into distinct linear factors.

To prove this theorem it is only necessary to show that if the 7-character-
istic determinant D of F factors in ¢ into kx,x; for some k50, then F is a sum
of cubes. It is to be noted that ¢ is (2, 3)-proper if and only if its characteristic
is not 3. Let a1 =a, a2 =P, @112 =", d122= 6. Then a simple direct calculation
shows that the ¢-characteristic determinant of F is (a8 —v?)x:? + (af —v8) 211,
4 (yB— 6%)x2. If this is to be of the form kx,x2, we must have ad —y2=v8— §?
=0, aB—v67#0. It follows readily that y=6=0, «, %0; thus F is of the re-
quired form.

That the factorization of the i-characteristic determinant into linearly inde-
pendent linear factors is not in general enough to insure the equivalence of an
n-ary form F of degree p to a sum of n pth powers follows from an example:

Example. Let F =6x,x220; with matrix 4 = (a:;x). The only non-vanishing
elements of A are @193 = G130 =213 = G251 =312 =391 = 1. Let ¢ be a (3, 3)-proper
field. The ¢-characteristic determinant of F is D =2x,x:x;. Except for an in-
tegral factor it is the Hessian of F. Now D is a product of linearly independent
linear factors in ¢. Since D is in canonical form, if F is equivalent to a sum of
three cubes, by Theorem III, F is such a sum. The form F is not such a sum.

The determinant | 4| of a p-way matrix 4 = (a;...) of order #, (p odd),

where 7, - - -, m are signant, is given by (9). We may have | 4| =0, even if
Qaj---m=0p;...n for a7%B. The determinant is said to be of order n. The
(j - - - m, 3) derivate of A is the matrix obtained by adjoining (»—1) ma-

trices all equal to 4 in the direction associated with the index 7 in the p-space

* R. Oldenburger, Equivalence of multilinear forms singular on one index, Duke Mathematical
Journal, vol. 2 (1936), p. 674. See also B. L. van der Waerden, Moderne Algebra, Springer, 1930, vol. 1,
pp. 63-66.
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representation of A. The rank r[j - - - m,i] of A and F=a;;....xx; - - + Xm is
the upper bound of the orders of the non-vanishing determinant minors of
this derivate, expanded with j, - - - , m signant.*

For an (n, n)- and (n, p)-proper field the s-characteristic determinant of F
can be written as

(13) ; k[‘xil C Xy | Gijeeem | ,

where the summation is over all distinct choices T of the values of 7; - - - 2,
from theset 1,2, - - - ,n; kr=1/a!B! - - - 4!, where, for example, « of the in-
dices in T are equal, 8 other indices are equal, and | ai;...n| is a determinant
minor of the (5 - - - m, 1) derivate of 4 with 7, - - - | m signant and all minors
of this derivate occur in (13). There follows the theorem:

THEOREM IV. Let ¢ be an (n, n)- and (n, p)-proper field. The i-characteristic
determinant of the n-ary form F =a;;....xi%; - - - %m of 0dd degree p, (p=3), is
not identically zero if and only if therankr(j - - - m, i) of F is n.

By a theorem proved elsewhere,f the principal determinant rank of F is
greater than or equal to7[j - - - m, i]. Hence we have the following theorem:

THEOREM V. Let ¢ be a field satisfying the assumptions of Theorem IV. If
the i-characteristic determinant of an n-ary form F of odd degree greater than
or equal to 3 factors into linearly independent linear factors in ¢, the principal
determinant rank of F is n.

5. The equivalence of forms of even degree to sums of pth powers. With
an n-ary form

F = Qijee.m®iXjc° Xm
of even degree p, (p 24), associate the determinant
E = I XiXiQiik. - .,,.l

with all indices signant. We shall call this the j-characteristic determinant of F.
We shall prove the following theorem:

THEOREM VI. An n-ary form F of even degree p, (p Z4), is equivalent in an
(n, p)-proper field ¢ to a sum of pth powers if and only if the ij-characteristic
determinant E of F factors in ¢ into squares of linearly independent linear fac-
tors, and under reduction of E in ¢ to canonical form Kxi? - - - x,2, F transforms
covariantly to a sum of pth powers.

* R. Oldenburger, I, p. 633.
t R. Oldenburger, I, p. 641.
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The proof of this theorem is very similar to that of Theorem III. The
transformation from F to

F' = a;,-...mb;.,b,p e b,,.-,xa’ xg' e x.,'

under the non-singular transformation x; =b;.x. corresponds, by a theorem
on determinants proved elsewhere,* to the transition from E to

| @i mbiabis®d %4 | | biy |72

The determinant Eof G=Xx2, (=1, - - -, n;N\;20),is Ay - - - Npx2 - - - x.2.
Evidently, the 7j-characteristic determinant of a form F equivalent to G is of
the form KL? - - - N? where L, - - - | N are linearly independent linear fac-
tors.

Assume that the determinant E of F factors, as required in the theorem,
and that F is equivalent to G. Letting 2/ =L, - - - , 2,/ =N we can transform
the form F into a new form for which E=gx/? - - - /2. Since G is equivalent
to F, there is a non-singular transformation x; = b;.x, such that

| Bia |70 - - Aa(Bra®d )2 - - - (Bnawd ) = guf? - - - x2.

It follows from this identity that the transformation x; = b;.x. is of the form
(12). Since the transformation (12) brings G into a sum of pth powers, F is a
sum of pth powers.

Let A =(aijx...mn) be a p-way matrix, (p=4 and even), of order n. The
determinant of 4 with &, - - - |, m signant is the expansion (9) except that
e - -in does not occur. The indices 7 and j need not range over distinct values.
The (k - - - m, ij) derivate of 4 is a matrix obtained from 4 by adjoining
matrices equal to 4 in the directions of p-space associated with the indices ¢
and j. The rankt [k - - - m, ij] of A and F=ay;...m%x; - - - % is the up-
per bound of the orders of the non-vanishing determinant minors of the
(k- - - m, 3j) derivate of A with &, - - -, m signant in these determinants.
For an (n, p)-proper field ¢ with a characteristic not equal to 2, 3, - - - | &,
where £, is a positive prime depending on %, the coefficients in the expansion
of the 7j-characteristic determinant of F can be written as sums of »th order
determinant minors of the (& - - - m, 4j) derivate of 4 with &, - - - | m sig-
nant. We therefore have the following theorem:

THEOREM VII. For a field ¢ with characteristic different from 2,3, - - - | &,,
where &, is finite and large enough, the ij-characteristic determinant of an n-ary
form F=a;j... .x%; - - - *n of even degree p, (p=4), is identically zero if the
rank r(k - - - m, ij] <n.

* R. Oldenburger, I, p. 632.
t R. Oldenburger, I, p. 633.
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Since 7[k - - - m, ij] is not greater than the principal determinant rank
of F,* we have the following analogue of Theorem V.

THEOREM VIIL. Let ¢ be a field with the properties of Theorem V1. If the
ij-characteristic determinant of an n-ary form F of even degree greater than or
equal to 3 factors into squares of linearly independent linear factors in ¢, the
principal determinant rank of F is n.

6. Method for obtaining linear factors. Let an n-ary form F =a;;...,%:x;
« o Xmy (3,7, - -, m=1, - - - n),of degree p, (p=2), with elements in the
complex field, be denoted by F(x1, - - -, %n).

Making the non-singular transformations x; =2y, xa=Ax/ +x, %3 =px/
+axf, - - -, 2a=vx/ +x. on F we obtain F(x/, Ny +a7, - - -, va/ +x ).
Assuming that F#0, by the continuity of F, we have F(1,\, - - -, ») #0 for
A, - - -, »5#0. Since this is the coefficient of x/'? we have the following lemma:

LemmA I1. A non-identically vanishing form F of degree p in x,, - - -, %,
is equivalent in the complex field to a form for which the coefficient of x® is not
zero.

Assume that F has a term in x,» and does not contain a repeated irreducible
factor.t The last assumption implies that the resultant of F and 0F/dx; in-
volving w3, - - -, x, is not identically zero in x,, - - - , .. We can therefore
choose values a,, - - -, a, such that

OF (%1, @z, « - - , @z) _

F(xlya%""an):O)
6x1
have no root x; in common.
By a theorem from implicit function theory it follows that x, is represented
analytically by distinct power series Py(xz, « -+, %n), « =+, Pp(xz, - - -, %) at
the distinct points (a1, @2, - - -, @n), - - -, (@, @, - -, an) for which

oF
F(ai, Qgy * * * , a,,) = 0, ["_—] # 0.
dxl (@i ag,**+,a,)

According to Hocevar} the derivatives of x; with respect to xz, - - -, %,
of order higher than one involve the third order determinant minors of the
Hessian Hr of F in such a way that when these minors vanish simultaneously
for a point (x1, - - -, x,) where 9F/dx,0, these derivatives also vanish. It

* R. Oldenburger, I, p. 641.

1 For the case of two variables see G. A. Bliss, Algebraic Functions, American Mathematical
Society Colloquium Publications, vol. 16, New York, 1933, pp. 29-30.

} Hokevar, op. cit., pp. 745-747.



238 RUFUS OLDENBURGER [September

follows that if F is a factor of these minors of Hp, the derivatives of x; of
higher order than the first vanish at all points for which F =0, dF/dx,>0. In

this case the series P,, - - -, P, involve only terms of the first degree in
X2, - - * , .. EXcept for constant multipliers, the polynomial factors of F are
the expressions x;— Py, - - -, 2,— P, which are linear.

Conversely, if F factors into linear factors, it can be shown at once that
the third order determinant minors contain F as a factor.

Except for constant multipliers, the expressions x;—P;, (i=1, - - -, p),
are the same as
el
x — “ e . xn y
' 9%1 s %0l pi
where p; is the point (e, s, - - -, @.). These expressions are linearly inde-

pendent if and only if the matrix

-5

is of rank greater than or equal to p. For the D of Theorem III, and p=n,
this condition can be stated in terms of the non-singularity of M. We have
the theorem:

THEOREM IX. Let F be a form in %1, - - - , 2, of degree n. The form F factors
in the complex field into linearly independent linear factors if and only if the
following set of conditions is satisfied:

(1) F has no repeated factors.

(2) F divides the third order determinant minors of its Hessian.

(3) At points 21 (au, @z, = 0y d,.), Ty Pa (aﬂ’ Qg - - -, as) on F=0 for
which there are distinct power series expansions for x, in terms of xs, - - -, an,
the matrix following is non-singular:

1dp, ndp1
6x] Pn ax” Pn

7. An induction process. We shall prove the following theorem:
THEOREM X. Let

F=a;,~...".x;xi--ox,,,, i,j’«o-’m=1’...,n’
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be a form of degree p=2, and let ¢ be (n, p)-proper. The form F is equivalent
in @ to a sum of n pth powers if and only if

(1) the principal determinant rank of F is n;

(2) the subforms Fi=a1;...m%; - * * %m, * * + , Fn=0nj...n%j * * + %m are si-
nultaneously equivalent in ¢ to a set of forms of the type

-1

1 1 1
G1=M11yf_+"'+l~‘lnyn ,"',Gn=l-‘n1y:’_+"'+ﬂnny:--

If p=2 the theorem is evidently true. Assume that p=3. If F is equiva-
lent to

G=Myr+ -+ Ay,

there exists a non-singular linear transformation

(14) %i = biaVa, t,a=1+--,n,
such that

(15) @ije.-kbiabig - - DkyYaYs - Yy =G,

where (bia) =(bjs) = - - - =(biy). Equation (15) implies the following matrix
identity:

(15) (@ij.--kbiabjg  * * Oky) = (Cap---v),

where C=(cas...,) is the matrix of G taken with all elements zero except
~...i=MN;, (=1, - - -, n). Let the inverse (bio)~! of (i) be denoted by (B=).
The identity now implies

(16) (@ij...xbjg - - - bky) = (Cag...yB“‘I).

Settingz=1, - - - , #nin (16) we obtain the following relations between minors
of the matrices in (16):

(al,'...kb;p L bky) = (Ca,g....,B“l),

...............

(@nj...kbjg * * * biy) = (Cag...+B%").
These equations yield

(A7) e ,
Qnj.-kbig  * - Diy¥s -+ - Yy = Cap...yBYp - - ¥y

If we let w,,=c,...,B*, the right members of (17) become Gy, - - -, G..
Since the principal determinant rank of G is obviously #, this rank of F
is »n if F is equivalent to G.
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We have proved the necessity of the conditions. To prove the suffi-
ciency we assume that the principal determinant rank of F is #, and that
there exist non-singular linear transformations (14) in ¢ and a choice of u;,
(¢,7=1, - - -, m), such that

arj...kbjg - - - bkyyﬁ <oy, =G,
(18) e ,

By (18)
(19) @ije.kbig - - - DryXi¥g -+ - ¥y = %Gp, i, -,E=1,--- m.
Substituting (14) in (19) we obtain
Qij..-kbiabig - - - beyYa¥s -+ © Yy = GebtaYa-

Since 4 is symmetric, the matrix of Gib;.y, is also symmetric. Denote this
matrix by D= (d,...,). Then

do...p = piabia

(the repeated index on the left does not indicate summation) while all other
elements of D vanish. By symmetry d.s...s=ds.. .s.. If a5, then dg...5.=0,
whence d,s...5=0 also. Hence at most d;...1, - - -, d,..., are non-zero. Since
D is of principal determinant rank », these are all non-zero. It follows that
F is equivalent in ¢ to a form of type G, and that the transformation which
reduces Fy, - - -, F,t0 G, - - -, G, reduces F to G.

The problem now resolves into the simultaneous equivalence in ¢ of
Fy, - ,F,t0Gy, - - -, G

8. Transformations which bring sums of pth powers, p =3, into sums of
pth powers. We shall prove the following theorem:

THEOREM XI. Let ¢ be an (n, p)-proper field. If the non-singular linear
transformation x;=b.;y; brings a sum of pth powers ax:?, (a:%0,i=1, - - -  n;
p=3), into a sum of pth powers c;y:?, (c;#0;i=1, - - -, n), the matrix B = (b;)
of order n has exactly one element in each row and column different from zero.

Applying the transformation x; =b.;y; to F =ax;? and equating to ¢;y,? we
obtain

(20) ai(biy))” = ciyi.
Since ¢ is (n, p)-proper we can write (20) in the matrix form

(21) (@:bsjbir - - - bimbig) = (cibidir - - - 8ig),
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where (8:;) =(8;x) = - - - =(8i9) =1, and I is a Kronecker delta. Now
(22) (@barbir - -+ big) = (ciburdix - * * biq).
Since the element ¢;61181 - - - 0u is the only non-vanishing element of the

matrix on the right of (22), it is of principal determinant rank 1, therefore
this is true of the left matrix of (22). We can write the latter matrix as the
product

(23) (asbitbir -+ * bim)(big)
of ordinary 2-way matrices, where ¢ is the column index of
N = (abibix * * * bim),
and % - - - m is the partition of indices associated with the rows of N (in (bs,)
7 and ¢ are row and column indices respectively). Since B is non-singular,

(23) implies that N is of rank 1. Every second order minor of N can be written
in the form

br...brm br...brm
(24) a,b,.la,b.l k ! k :

sky * ° ° baml bckz ct bamg

By a lemma of another paper* since B is non-singular, the 2-way matrix
Q=(bjx - - - bim) is non-singular, where the partitions 7=7---1 and
o=k - - - m are the partitions of the rows and columns of Q. Since the
determinants in (24) for a given 7, s, (r>s), form the class of all determi-
nant minors of the rows of Q obtained by setting j= - - - =l=r, s it follows
that all of these determinant minors cannot vanish. Hence

a,br10:00 = 0
for 5. Since a,, a,#0, we have b,1b,; =0 for r #s. Similarly
brobss = -+ = byabsn = 0

for r#s. Take b,;0 for ¢ equal to some value f. Then b;, =0 for ¢7¢. If
bin#0 for i =f, where f>, then b;2=0 for 75f; similar conclusions hold for
bi, - - -, bin.

It is to be noted that if p is a prime and ¢ has characteristic p, any non-
singular linear transformation brings F into a sum of pth powers.

Let B =(b:;) be chosen so that it satisfies the preceding theorem. Apply
the transformation x;=2;;y; to a form c;x;2. We obtain c¢;(b:;y;)¢ which is a
sum of gth powers. We have proved the following theorem:

* R. Oldenburger, I, p. 625. See also G. W. King, The indeterminate and composite products of
matrices, Journal of Mathematics and Physics, vol. 13 (1934), p. 445.
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THEOREM XII. Let ¢ be an (n, p)-proper field. If a non-singular linear trans-
formation in ¢ brings a sum of n pth powers of %1, - - - , %, into such a sum,
where p=3, this transformation brings a sum of qth powers of x1, - - -, %a, for
any q, into a.sum of gth powers with the same number of non-vanishing coeffi-
cients.

This implies the following corollary:

COROLLARY 1. Let ¢ be an (n, p)-proper field. Let F be a sum of n pth powers
of %y, - - -, %, where p=3. A set of fooms F, R, S, - - -, Tinxy, - - -, x, are
simultaneously equivalent in ¢ to sums of powers of ., - - -, xa if and only if
R, S, - - -, T are already sums of powers in x1, - - - , %n.

The reader should compare the simplicity of the theory of equivalence
of r-tuples of forms in x,, - - - , x,, where one of the forms is equivalent to
ax?, (a:;#0;7=1, - - - ,n; p=3), with the corresponding theory for the quad-
ratic case.

We are now able to prove the following theorem:

THEOREM XIII. Let ¢ be an (n, p)-proper field. If the non-singular transfor-
mation x;=b;y;, (5,7=1, - - -, n),brings a sum of r, (r <n), pth powers F=ax:?,
(=1, - - -, r; a;520), into a sum of r pth powers F' =by», (i=1,- .-, r;
b:#0), then the matrix B = (b;;) is of the form
B O
B Ba

’

where By, is a minor of order r with exactly one non-vanishing element in each row
and column.

The matrix of F is unique since ¢ is also (7, p)-proper. Applying the trans-
formation with matrix B to F we obtain

r

g ai(b:jvi)?, i=1,---,n.
Equating to F’, we can write
(25) .‘V'-"la‘b"'b"" c e bigYiVh - Vg = éb‘y"’ jeee,q=1,-,n.
Since there are no terms in y,41, - - -, ¥ on the right of (25) we obtain, by

the restrictions on ¢,

> abisbi - - - big = 0,
=1
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forj=r+1,-- - ,n;k, - - -, ,qg=1, - - n. Settingj=r+1in the above equa-
tion and writing it in matrix form we get

(26) < > adirprbis - - - bt’m) (big) = 0,
i1
where & - - - m is the partition of the rcws of the left factor in (26), ¢ is the

index of the columns, and 7, ¢ are the row and column indices of (bs,).
Since B is non-singular the left factor in (26) is of rank zero; whence

@ibirprbir - - - bim=0 (i not summed) fors=1, - - - ,r;k, - - - ,m=1,- - - n.
By an argument used in the proof of Theorem XI, the 2-way matrix
Q=(bix - - - bim) is non-singular where 7=j5 - - - I is the partition of the
rows of Q and =%k - - - m the partition of the columns. The products
bir - - - bim, © not summed, are the elements in the row of Q obtained by
setting j= - - - =l=4. Since Q is non-singular, these do not all vanish for
a given 7. Hence a:b;,,41=0 for every s. Similarly ¢;0;;=0 (¢ not summed)
forj=7r+2, - - -, n. Since a:50 for every 4, we have b;;=0fori=1, - - - | 7;
j=r+1, - -, n If Bis of this form, the terms on the left of (25) involve
only 41, - - -, ¥,. Theorem XI now implies that By, has exactly one element

not zero in each row and column.

CoroLLARY II. Let ¢ be an (n, p)-proper field. If the non-singular transfor-
mation x;=byy;, (3,7=1, - -, n), brings a sum of pth powers ax:?, (p=3;
i=1, - -, r;a:;%0), into a sum of pth powers by, (i=1, - - -, r; b;#0), then
the transformation brings any sum of gth powers F=cix;2, (i=1, - - -, r), inlo
a sum of gth powers F' =dix, (4=1, - - -, r), where F and F’ have the same
number of non-vanishing coefficients.

THEOREM XIV. Let G be a sum of pth powers, (p=3), of 21, - - - , x. with
non-vanishing coefficients. Let F;, (=1, - - -, s), be a sum of gth powers of
X1, -, X fori=1, - - s where q=3 and the coefficients of x:? for any i are
not all zero in Fy, - - - | F,. Let ¢ be an (n, p)- and (n, q)-proper field. The class
of non-singular transformations x; =b;;y;, (5,7=1, - - -, (), (m=r), which bring
G in ¢ into a like sum of powers G', is identical with the class of transformations
which bring F1, - - - | F, into a like set F{, - - - , F!.

Theorem XIII implies that the transformations bringing G into G’ bring
Fy, ..., F,into F{, - - -, Fi. To prove the converse, assume that ¢ con-
tains an infinite number of elements. Write

Fi = pix®,  Fi{ = vy, i=1,---,5,

where by our assumptions ui;, - - -, us; do not all vanish for a given ;. Similar
properties hold for Vy;, - - -, V,;. Write
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Li(z) = 2 iz,  Li(2) = 20w, J=14-
=1 i1
Choose a set of values e, - - -, o, 0f 21, - - -, 2, in ¢ such that* L;(a), L} ()

=0, (=1, - ,7). Let F=a/F1+ - - - 4o, F;=Li(a)x,°+ - - - +L. (),
The transform F' =a,F{ + - - - +a,F! of Fis L{ (&)y2+ - - - +L; (),
Since none of the coefficients of 2,9, - - -, x,9, 319, - - -, ,2in F and F’ vanish,
by Theorem XIII, G transforms into a like form G’.

If ¢ is a finite field, embed ¢ in an algebraically closed field  containing it.
The above argument now applies for ¥. Since the coefficients of G and the b;;
are in ¢, the coefficients of G’ are in ¢.

9. Equivalence of forms of degree p, p =4, to sums of pth powers. We
shall prove the following theorem:

THEOREM XV. Let ¢ be an (n, p)-proper field. Let F=a;...qq...nki - - - X%

-+ %n be an m-ary form of degree p, (p=4), for which a subform F,...

=Qq...tq-- -m¥q - - * Xm Of degree s, (s=3), is equivalent in ¢ to a sum S =px?,

(ui20), of n pth powers for some set of values e, - - -, Eof 4, - - -, t. The form

F is equivalent in ¢ to a sum of n sth powers if and only if under reduction of
Fo..i10 S in ¢, F transforms covariantly into a sum of pth powers.

Let = denote the set of values a, B, - - -, 8, p, 7, £ of the leading indices
i, - - -, tof F. A study of minors of (a:r), where T is the partition j - - - m,
reveals that the principal determinant rank of any subform F, (¢ here de-
notes a fixed partition) is greater than or equal to the principal determinant
rank of a subform F; if ¢ is contained in 2. By Theorem I the principal de-
terminant rank of F,...; is n. Hence this rank of F is n. By Theorem X, F is
equivalent in ¢ to a sum of # pth powers if and only if Fy, - - -, F, are simul-
taneously equivalent in ¢ to sums of pth powers. Since « is contained in the
seta, - - -, £, the principal determinant rank of F, is #. Now F, occurs in the
set Fy, - - -, F,. If Fis equivalent in ¢ to a sum of # pth powers, F, is equiva-
lent in ¢ to a sum of (p—1)th powers. There are # such powers because the
principal determinant rank of F, is #. By Theorem X, F, is equivalent to such
a sum if and only if F,,, - - -, F.. are simultaneously equivalent in ¢ to sums
of (p—2)th powers. The subform F.s has principal determinant rank # and
occurs in this set. Continuing this process, we find that if F is equivalent in ¢
to a sum of pth powers, F,g. . .. is equivalent in ¢ to a sum of # (s+1)th powers.
By Theorem X, this equivalence is valid if and only if Fag...q1, - - -, Fag...1n
are simultaneously equivalent in ¢ to sums of sth powers. The subform
F.s...,; occurs in this set.

* 0. Haupt, FEinfiihrung in die Algebra, vol. 1, p. 166.
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Reduce Fus. ...t non-singularly to a sum of sth powers S. Simultaneously
the remaining forms in the set Fog...n1, - - * , Fag. .., are transformed into a
newset F/g...,1, - - -, Fag....n. By the corollary of Theorem XII, these forms
are simultaneously equivalent in ¢ to a sum of ¢gth powers if and only if they
are already such sums. Assume that they are such sums. By a remark near
the end of §7, the transformation 7 that reduces Fug....1, - - -, Fag...rn,
to sums of sth powers reduces Fag..., to a sum Fig..., of (s+1)th powers.
Let the result of applying T to Fas...,,, - * *, Fas...,n be denoted by

W8 o1, - * * 5 Fag...pn. Since Flg.... is in this set and is already a sum of »
(s+1)th powers, the forms Fug...,1, - - -, Fag...,. are, by the corollary of
Theorem XII, simultaneously equivalent to sums of (s+1)th powers if and
only if they are already such sums. If they are such sums, by the remark of §7
referred to above, the transformation 7" brings Fas..., into a form F.g...,,
which is a sum of (s+2)th powers. Continuing this chain of reasoning we see
that the T transforms F{, - - - , F,! of Fy, - - - , F, are simultaneously equiv-
lent in ¢ to sums of (p —1)th powers if and only if they are already such sums.
The transformation T then brings F into a sum of pth powers F’.

Hence if F is equivalent in ¢ to a sum of # pth powers, the transformation
T which reduces F,...; to a sum of # sth powers must reduce F to a sum of
n pth powers. The sufficiency of this condition is obvious.

10. Simultaneous equivalence of forms of degree p, (p =3), to sums of
pth powers. The assumption made in Theorem XV concerning the existence
of a subform F,...; of degree s, (s=3), equivalent to a sum of » sth powers is
evidently not a necessary condition for the equivalence of a form F to a sum
of n pth powers. It is therefore convenient to have a method of determining
whether or not a set of forms in # variables of degree p, (p = 3), are simultane-
ously equivalent to sums of pth powers where no form in the set is equivalent
to a sum of # pth powers. I have developed such a theory which involves the
theorems of §§7-9, Theorem XVIbelow, and other considerations. Since parts
of the method are complicated, the development will be left to the reader.
Essential to this theory is the following theorem:

THEOREM XVI. Let
Bu 0
Byy  Ba

b

B = (biy) = H

where By, is a minor of order r with exactly one non-vanishing element in each
row and column. For the form

F = aij..cm%i%j -+ Xp&m, - ,m=1--+ m,
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of degree p, (p=3), to be equivalent in an (n, p)-proper field ¢ under the non-
singular transformation
% = bijyi, L,j=1,.---,mn,
with matrix B lo a sum of pth powers
F' = X\ayod?, a=1,---,r+g, Aity 00, Mg # 0,
for some g, it is necessary that the form
L = aij...km%i%; * * * Xk%m, oo ym=r4+1,--- n,

be equivalent in ¢ under the non-singular transformation

(27) xi:biiyi) i,j=r+1,~‘,n,
with matrix B to a form of the type
L' = \uyo?, a=r+1,---,7r+g.

Assume that F’ is equivalent in ¢ to F for some choice of the N’s and g
under the transformation

(28) Yi = bijx;, 7'7.7. =1,---,n,

with matrix B. This implies that there exist a transformation (28), N’s, and
a g such that

r+g

(29) D Nabaibai -+ * bam¥itj- - Xm =F, i, f, o ,m=1,--+ mn,
) a=1
Since ba;=0 fora=1, - - -,rand i=r+1, - - - , n, we derive from (29) the
relations
r+g
(30) > Mabasbai - - bam®ikj - ¥m =L, 4 -, m=r+1---,n.
a=r+1

If (30) is satisfied, there exists a non-singular transformation
Yo = bai%;, a,t=r+1,---,mn,

and a choice of L’ such that L’ reduces to L. Hence there exists a non-singular
transformation (27) bringing L into L’.

It is to be noted that if F;, - - -, F, are sums of pth powers, then a set
of forms Fy, - - -, Fy, Fypa, - - -, F, are simultaneously equivalent in a field ¢
to sums of pth powers if and only if Fy4, - - -, F, are equivalent to sums of
pth powers under transformations which bring Fy, - - -, F, into sums of pth
powers. These transformations can be written down by Theorems XIII and
X1V.
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11. Equivalence of a binary form to a sum of two pth powers. We shall
prove a modification of Theorem XV. In this section we shall denote the sub-
form

Ai1.-lehoeogf 2:+:2 XXX+ * XgXy, ’I:, e ,f= 1, 2,

of F=a;...n%; * + * %m, (¢, - - -+ ,m=1,2), by F,.. In F,, there are p fixed con-
secutive subscripts equal to 1 and 7 equal to 2, the remaining subscripts being
free. We shall need the following lemma:

LEMMA III. Let ¢ be a (2, p)-proper field. Let F=a;;...nx%; - - - X, be a
binary form of degree p with principal determinant rank 2. If the principal de-
terminant rank of a subform F,,=x\F,11,-+%:F, 11 of degree greater than or
equal to 3 is 2, while this rank is 1 for each of the subforms F,iy,., F, .11, the
form F is equivalent in ¢ to a sum of pth powers if and only if F is already a
sum of pth powers; then F,,=F.

The columns of the ordinary 2-way matrix (a;,), where 7 is the partition

j - - - m, are, by the symmetry of (a;...), the columns of the matrix
A’ a11...1 @Gi1...12 QG11...122 Q@11...1222 ° ° ° @12...2
= 5
a21...1 @21...12 QG21...122 Q@21...1222 * * * B22...2

whence the rank of 4’ is the principal determinant rank of F. Since this rank
of F is 2, some minor

abH
cd_

d11...12...22...2 A1 1e+4110--12..-2

N

a1...12...22...2 @21...11..:12...2

of A’ is non-singular, where for each element of the minor matrix N the first
subscript is followed by sets of equal numbers, the first containing p 1’s, the
second o 1’s or 2’s, and the last 7 2’s. N is a minor of the matrix which is
given by

(31) M=

a2 1.1 up---w2 -2

where only a typical column of M is displayed in (31). Here the first set of
equal subscripts contains p 1’s and the last r 2’s. Setting #=1 and ¥=2in M
we obtain minors M; and M, which can be written as

A1 1.1 9. w2:::2 A1 1.c1pe-w2--:2

Ml= ’ M2=

A2 1...1 v 2++.2 A2 101 peeew2...2

The matrix M is composed of the columns of M, and M,. The first sub-
script for each element of M, is followed by (p+1) 1’s, and the set of sub-
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scripts ends with a set of 7 2’s. For the matrix M, the sets have p 1’s and
(t+1) 2’s, respectively. The only columns that M; and M, do not have in
common are the columns of N. Write

Mi= (- &), My = (§p41- - - £20), N = (52051);

where the &’s are columns of M, M,, N. The matrices M, M, M, are the
matrices of the forms F,., F,y1.., and F, .41 of the lemma. We assume that the
principal determinant ranks of F,.4,., F, ,41are 1; whence the ranks of M, and
M, equal 1. Assume that £50. Since M, is of rank 1, &, & are linearly de-
pendent. Since £, also occurs among the vectors &,44, - - -, £25-1, and M, is
of rank 1, & and &, are linearly dependent. It follows that £, &, are linearly
dependent contrary to assumption.

Since &= - - - =§,=0, whence ;1= - - - =&,.,=0, we make use of the
assumption of the lemma that the degree of F,, is greater than or equal to 3,
and it therefore follows that there are at least two variables in the set
u,v, - - -, w. The elements

ay...12...2, asi...12...2,

where the set of subscripts of the first element ends with 7+1 2’s and the sec-
ond element has p+1 subscripts equal to 1, now occur among the vectors
&, - - -, &,. These elements therefore vanish. Since they are the same as the
elements

d11.+4412:4:22...2, dg1...11--412...2

of &, &,, where the subscripts fall into groups as in N, the form F,, is given by
the equation

(32) F” = A1 1.+411c0+12++:2 x:“ + dg1...12...22...2 x;+1

Since F,, is thus a sum of (¢+1)th powers, (¢+1=3), by Theorem XV, F is
equivalent to a sum of pth powers if and only if it is already such a sum.

To complete the proof of the lemma we note that if F is a sum of two pth
powers, the principal determinant rank of every subform F,#F is 1 or 0;
whence the form F,, of the lemma is F.

The characteristic determinant of two quadratic forms F, G in the same va-
riables x;, , with matrices 4, B, respectively, is the determinant | 2,4 +%B| .

If F is equivalent to a sum of 2 pth powers and there is no subform F,,
satisfying the conditions of Lemma III, there is a quadratic form F,, with
rank 2. For a form F having such a subform we shall prove the following
strengthened form of Theorems IIT and VI. It is to be noted that no distinc-
tion is made between even and odd values of p.
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THEOREM XVII. Let ¢ be a (2, p)-proper field. Let F =a;;. . . imXi%i - - * Xi%m,
@, -+ -,m=1,2), be a binary form of degree p, (p=3), not already a sum of
pth powers. The form F is equivalent in ¢ to a sum of 2 pth powers if and only if
for some p, T the quadratic subform F ,, is of rank 2, the characteristic determinant
D of Fyry Fyy o1 0r Fr) Fopy .1 factors in @ into distinct linear factors, and
under reduction of D to canonical form Kx{xs in ¢ F transforms covariantly
into a sum of pth powers.

That the rank of F,. equals 2 for some p, 7 was noted above to be a neces-
sary condition. By the argument used in the proof of Theorem XV the simul-
taneous equivalence in ¢ of F,,, F,_; .11 and F,,, F,41,.—1 to sums of squares is
also a necessary condition. By Theorem X these pairs of forms are simul-
taneously equvalent in ¢ to sums of squares if and only if the cubic forms
Foa=%1Fp+2F, 1. p1and F, .1 =%F,1,.—1+xF,, are respectively equiv-
alent to sums of cubes. By Theorem IIIa this equivalence is possible if and
only if the characteristic determinants of F,,, F,_1,-+1 and F,,, F,41,,1, re-
spectively, factor in ¢ into distinct linear factors. If it is assumed that this
necessary condition is satisfied for one of the pairs of quadratic subforms, one
of the cubic forms F,_; . or F, ._; is equivalent in ¢ to a sum of 2 cubes. By
Theorem III the transformation in ¢, which reduces D to canonical form
Kx{ x , simultaneously reduces F,_;,. or F, ,_;, as the case may be, to sums of
cubes. By Theorem XV, F is now equivalent in ¢ to a sum of pth powers if
and only if under reduction of D to Kx{x{. F transforms into a sum of pth
powers.
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